We review basic examples of classical string solutions in AdS 5 × S 5 . We concentrate on simplest rigid closed string solutions of circular or folded type described by integrable 1-d Neumann system but mention also various generalizations and related open-string solutions.
Introduction
AdS 5 × S 5 space plays a special role in superstring theory [1] . This space (supported by a 5-form flux) is one of the three maximally supersymmetric "vacua" of type IIB 10-d supergravity [2] , along with its limits -the flat Minkowski space and the planewave background [3] . It appears as a "near-horizon" region of the solitonic D3-brane background [4] ; that explains its central role in the AdS/CFT duality [5] (see [6] for a review). The duality states that certain "observables" in N = 4 supersymmetric SU (N ) 4-d gauge theory have direct counterparts in the type IIB superstring theory in AdS 5 × S 5 space, and vice versa. The type IIB superstring theory in a curved space with a 5-form Ramond-Ramond (RR) background is defined by the Green-Schwarz [7] action (T 0 = 
1) is the Lorentz connection and F µ 1 ...µ 5 is the RR 5-form field. Here G µν and F µ 1 ...µ 5 should be related so that the 2-d Weyl and kappa-symmetry anomalies cancel.
In the case of the AdS 5 ×S 5 background the explicit form of the superstring action can be found using the supercoset construction [8] . The group of super-isometries (Killing vectors and Killing spinors or solutions of D µ I = 0) of this background is P SU (2, 2|4), i.e. the same as N = 4 super-extension of the 4-d conformal group SO (2, 4) . Using that AdS 5 = SO(2, 4)/SO(1, 4) and S 5 = SO(6)/SO(5) the superstring action can be constructed in terms of the components of P SU (2, 2|4) current restricted to the coset P SU (2, 2|4)/[SO(1, 4) × SO (5)] (see [9] for details).
Since the metric of AdS 5 × S 5 has direct product structure, the bosonic part of the action (1.1) is a sum of the actions for the AdS 5 and S 5 sigma models. The two sets of bosons are coupled through their interaction with the fermions. The latter fact is crucial for the UV finiteness of the superstring model [8, 10, 11 ] (see also [12] ).
Below we shall consider classical bosonic solutions of the AdS 5 ×S 5 string action. The study of classical string solutions and their semiclassical quantization initiated in [13] [14] [15] [16] is an important tool for investigating the structure of the AdS/CFT correspondence (for reviews see, e.g., [17] [18] [19] [20] ). The AdS energy of a closed string solution expressed in terms of other conserved charges and string tension gives the strong coupling limit of the scaling dimension of the corresponding gauge-theory operator. Classical solutions for open strings ending at the boundary of AdS 5 describe the strong coupling limit of the associated Wilson loops and gluon scattering amplitudes (see [21] and [22] [23] [24] ).
Coset space sigma models are known to be classically integrable [25, 26] and this integrability extends [27] also to the full kappa-invariant AdS 5 × S 5 superstring action. The integrability allows one to describe, in particular, large class of (finite gap [28] ) classical string solutions in terms of the associated spectral curve [29, 30] (see [31] ).
This description is, however, formal and obscures somewhat the physical interpretation of the solutions. It is very useful to complement it with a study of specific examples of solutions that can be constructed directly from the sigma model equations of motion by starting with certain natural ansatze. This will be our aim below.
We shall mostly concentrate on the simplest spinning "rigid" closed string solutions for which the shape of the string does not change with time (extra oscillations increase the energy for given spins). We shall consider several types of solutions and their limits that reveal different patterns of dependence of the energy on the string tension and the spins. This provides an important information about the strong 't Hooft coupling limit of the corresponding gauge theory anomalous dimensions and thus aids one in understanding the underlying description of the string/gauge theory spectrum valid for all values of the string tension or 't Hooft coupling.
Bosonic string in AdS
At the classical level (with fermion fields vanishing) the AdS 5 and S 5 parts of the string action are still effectively coupled through their interaction with 2-d metric g ab . If one solves for g ab one gets a non-linear Nambu-Goto type action containing interactions between the AdS 5 and S 5 coordinates. In the conformal gauge √ −gg ab = η ab the classical equations for the AdS 5 and S 5 parts are decoupled, but there is a constraint on their initial data from the equation for g ab , i.e. that the 2-d stress tensor should vanish (the Virasoro conditions). We shall study the corresponding solutions below but let us start with the definition of the AdS n space and the explicit form of the AdS 5 × S 5 bosonic string action.
AdS
the d = n+1 dimensional anti -de Sitter space AdS d can be represented as a hyperboloid (a constant negative curvature quadric)
in R 2,d−1 with the metric
We set the radius of the sphere and the hyperboloid to 1 . In what follows we will be interested in the case of d = 5.
It is often useful to solve (2.2),(2.1) by choosing an explicit parametrization of Y P and X M in terms of 5+5 independent "global" coordinates
Then the corresponding metrics are 6) and they are obviously related by an analytic continuation. Note that choosing ρ > 0 and 0 < t ≤ 2π (and standard periodicities for the S 3 angles θ, φ 1 , φ 2 ) already covers the hyperboloid once. Near "the center" ρ = 0 the AdS 5 metric is that of S 1 × R 4 while near its boundary ρ → ∞ it is that of S 1 × S 3 . To avoid closed time-like curves and to relate the corresponding theory to gauge theory in R × S 3 it is standard to decompactify the t direction, i.e. to assume −∞ < t < ∞. Thus in all discussions of AdS/CFT and in what follows by AdS 5 we shall understand its universal cover (in particular, we will ignore the possibility of string winding in global AdS time direction). In the case of AdS 2 plotted as a hyperboloid in R 2,1 that corresponds to going around the circular dimension infinite number of times or "cutting it open". We present images of S 2 and of a universal cover of AdS 2 in Figure 1 . † Another useful image of the universal cover of the AdS 3 space is a body of 2-cylinder with R t × S 1 as a boundary and ρ as a radial coordinate. Let us mention also another choice of AdS 5 × S 5 coordinates -the Poincaré coordinates -that cover only part of AdS 5 (for more details see, e.g., [6] ): 
The full AdS 5 × S 5 metric may be written also in the conformally-flat form as
where
. The Poincaré coordinates are useful for the discussion of solutions representing open strings ending at the AdS boundary (see [22] [23] [24] ).
String action, equations of motion and conserved angular momenta
The bosonic part of the AdS 5 × S 5 action (1.1) in the conformal gauge is
(λ corresponds to 't Hooft coupling on the N =4 super Yang-Mills side), R is the (same) radius of AdS 5 and S 5 and
Here X M , M = 1, . . . , 6 and Y P , P = 0, . . . , 5 are the embedding coordinates of R 6 with the Euclidean metric δ M N in L S and of R 2,4 with η P Q = (−1, +1, +1, +1, +1, −1) in L AdS , respectively (Y P = η P Q Y Q ). Λ andΛ are the Lagrange multipliers imposing the two hypersurface conditions. The classical equations for (2.10) are
The action (2.10) is to be supplemented with the conformal gauge constraintṡ
We will be interested in the closed string solutions with the world sheet as a cylinder, i.e. will impose the periodicity conditions
The action (2.10) is invariant under the SO(2, 4) and SO(6) rotations with the conserved (on-shell) charges
There is a natural choice of the 3+3 Cartan generators of SO(2, 4)×SO(6) corresponding to the 3+3 linear isometries of the AdS 5 × S 5 metric (2.5),(2.6), i.e. to the translations in the time t, in the 2 angles φ a and the 3 angles ϕ i :
17)
Classical solutions: geodesics
We will be interested in classical solutions that have finite values of the AdS energy E and the spins S r , J i (r = 1, 2; i = 1, 2, 3). The Virasoro condition will give a relation between the 6 charges in (2.17),(2.18) allowing one to express the energy in terms of the other 5, i.
Here k s stands for other (hidden) conserved charges, like "topological" numbers determining particular shape of the string (e.g., number of folds, spikes, winding numbers, etc). ‡ For a solution to have a consistent semiclassical interpretation, it should correspond to a state of a quantum Hamiltonian which carries the same quantum numbers (and should thus be associated to a particular SYM operator with definite scaling dimension). It should represent a "highest-weight" state of a symmetry algebra, i.e. all other nonCartan (non-commuting) components of the symmetry generators (2.16) should vanish; other members of the multiplet can be obtained by applying rotations to a "highestweight" solution. § Let us start with point-like strings, for which
14), i.e. with massless geodesics in AdS 5 × S 5 . Then Λ,Λ = const (as follows directly from (2.12),(2.13)) and (2.14) implies that Λ = −Λ > 0. The generic massless geodesic in AdS 5 × S 5 can be of two "irreducible" types (up to a global SO(2, 4) × SO(6) transformation): (i) massless geodesic that stays entirely within AdS 5 ; (ii) a geodesic that runs along the time direction in AdS 5 and wraps a big circle of S 5 . In the latter case the angular motion in S 5 provides an effective mass to a particle in AdS 5 , i.e. the corresponding geodesic in AdS 5 is a massive one,
The only non-vanishing integrals of motion are E = J 3 = √ λ κ, representing the energy and the SO(6) spin of this BPS state, corresponding to the BMN "vacuum" operator tr(Z J 3 ) in the SYM theory [13] (see also [12] ). The solution for a massless geodesic in AdS 5 is a straight line in
It always has non-vanishing nonCartan components [18] , e.g., if Y 5 + iY 0 = 1 + ip τ, Y 3 = p τ, Y 1,2,4 = 0 we get ‡ A simple example of an infinite-energy solution is an infinitely stretched string in AdS 2 described (in conformal gauge) by t = κτ, ρ = ρ(σ), ρ 2 − κ 2 cosh 2 ρ = 0, i.e. cosh ρ = | cos(κσ)| −1 . It is formally 2π periodic if κ = 1. In the Poincare patch the corresponding solution is z = cos κσ cos κτ −sin κσ , x 0 = sin κτ cos κτ −sin κσ . § For a discussion of the relation of the above SO(2, 4) charges to the standard conformal group generators in the boundary theory and a relation between SO(2, 4) representations labelled by the AdS energy E = S 50 and the dilatation operator D = S 54 see [18] and refs. there.
This geodesic thus does not represent a "highest-weight" semiclassical state. In terms of Poincare coordinates (2.8) the massless geodesic is represented by x 0 = x 3 = pτ, z = a = const, i.e. it runs parallel to the boundary (reaching the boundary at spatial infinity where Poincare patch ends -that follows from its description in global coordinates).
Below we shall consider examples of extended (σ-dependent) solitonic string solutions of the equations (2.12),(2.13) subject to the constraints (2.14),(2.15) that have finite AdS energy and spins. The aim will be to find the expression for the energy E in terms of other charges.
¶ In general, a string all points of which can move fast in S 5 will admit a "fast string" (BMN-type) limit in which E will have an analytic dependence on the square of string tension or on λ when expressed in terms of S r and J i and expanded in large total spin of S 5 [15, 16] . At the same time, the energy of a string whose center is at rest or which moves only within the AdS 5 will depend explicitly on √ λ (i.e. will be non-analytic in λ) [14, 16, 40] .
Simplest rigid string solutions
Here we shall consider few simple explicit closed-string solutions of the non-linear equations (2.12),(2.13) which are "rigid", i.e. for which the shape of the string does not change with time. These may be interpreted as examples of non-topological solitons of the AdS 5 × S 5 conformal-gauge string sigma model (2.10) on a 2-d cylinder (τ, σ).
Examples of string solutions in flat space
Let us start with recalling several examples of string solutions in flat space. The flatspace string action and equations of motion in the conformal gauge are (
The general solution of free equations
, which are constrained by the Virasoro conditions. Simple explicit solutions representing semiclassical (coherent) states corresponding to particular quantum states in the string spectrum have only finite number of the Fourier modes excited. The Virasoro condition then implies a relation between the energy of the string E = T 0 dσ ∂ τ x 0 and its linear momenta, spins, oscillation numbers, etc. Some explicit examples are: ¶ Early discussions of semiclassical strings in de Sitter and Anti de Sitter spaces appeared, e.g., in [32, 33] . The fact that in AdS space the string mass scales linearly with large quantum numbers (as opposed to square root Regge relation in flat space) was first observed in [33] .
Folded string rotating on a plane:
2)
Spiky string rotating on a plane:
Here m + 1 is the number of spikes, i.e. m = 1 is the case of the folded string. Circular string rotating in two orthogonal planes of R 4 :
Here J 1 = J 12 , J 2 = J 34 are the values of the orbital momentum. Circular string pulsating in one plane:
8)
Here N is the oscillation number (an adiabatic invariant). This solution is formally not rigid but is very similar -the shape of the string remains circular, only its radius changes with time. An example of a non-rigid solution is a "kinky string" [34] for which the string has a shape of a quadrangle at the initial moment in time, then shrinks to diagonal due to the tension, then expands back, etc.
Circular rotating strings: rational solutions
A simple subclass of "rational" solutions of the AdS 5 ×S 5 equations (2.12),(2.13) is found by assuming that Λ,Λ = const [16, 35] . In this case Y P and X M are given by simple trigonometric solutions of the linear 2-d massive scalar equation and one is just to make sure that the constant parameters are such that all the constraints in (2.12)-(2.15) are satisfied. An example is a circular string solution in R t × S 5 part of AdS 5 × S 5 which is a direct analog of the circular 2-spin solution (3.6) [16] 
10)
Here m is a winding number,Λ = κ 2 , Λ = 0, i.e. the S 5 part of the solution is essentially the same as in flat space: the string rotates on S 3 of radius a ≤ 1 inside S 5 of radius
The relation between (3.4) and (3.2) for m = 1 involves σ → σ + π 2 .
1. The semiclassical spin parameter J is bounded from above, i.e. the fast-string BMNtype limit (J → ∞) cannot be realised. Instead, there is a smooth small spin (J → 0) or "small-string" limit (a → 0) in which the Regge form of the energy is to be expected. Remarkably, the exact expression for the classical string energy has the same "Regge" form as in flat space (3.7) with
This solution is thus a semiclassical analog [36] of a "short" quantum string for which the energy should scale (for fixed charges) as E ∼ √ λ [37] . The solution (3.10) has an obvious generalization to the case of the 3-rd non-zero spin in S 5 [16] : one needs to consider a non-zero X 3 = √ 1 − a 2 e iw τ . There is a different solution (with Λ = w 2 − m 2 ) describing a circular string with two equal spins moving on a "big"
12)
The two solutions coincide when a = 1 in (3.10) and w = m in (3.12). This solution admits the fast-string limit in which (J 1)
but it does not have a small-string limit as here the radius of the string is always 1: even though J may become small, the energy does not go to zero due to string winding around big circle of S 5 . In contrast to (3.10), this solution is unstable under small perturbations [16, 38] .
There is another counterpart of the flat-space solution (3.6) in AdS 5 × S 5 when the circular string rotates solely in AdS 5 [16, 35] (here we choose the winding number to be m = 1)
Here r = sinh ρ 0 = 
Here in contrast to the J 1 = J 2 solution (3.10) the classical energy contains non-trivial "curvature" corrections which modify the leading-order flat-space Regge behavior. In the opposite large spin limit S 1 we get [16, 35, 40 ]
Yet another AdS 5 × S 5 counterpart of the flat-space solution (3.6) is found by having a circular string rotating both in AdS 5 and in S 5 (we choose again the winding numbers in σ to be 1)
Here w 2 = κ 2 + 1 and r = sinh ρ 0 and a = sin γ 0 determine the size of the string in AdS 5 and S 5 respectively (cf. (2.5),(2.6)). The conformal gauge conditions (2.14) imply (1 + r 2 )κ 2 = r 2 (w 2 + 1) + 2a 2 , r 2 w = a 2 and thus for this solution one has S = r
, where
+ 2S which is readily solved. In the small S limit one finds (cf. (3.16))
In the small-size or S = J → 0 limit (when w → 1, r → a → 0) this solution reduces to the flat-space one (3.6) with the energy taking the form (3.7). At the S = J = 1 point (where a = 1, κ = √ 3, w = 2, r = √ 2) this "small-string" S = J solution coincides with the "large-string" S = J solution discussed in [35, 41] 
, where κ(S) satisfies κ 
admits a regular large S expansion as in (3.14) [35, 41] :
In the small S expansion we get
.., i.e. this solution does not have the flat-space Regge asymptotics; this is not surprising since here the string is wrapped on a big circle of S 5 and its tension gives a large contribution to the energy even for small spin.
The above examples illustrate possible patterns of behaviour of the classical string energy on the string tension and conserved spins in different limits. They should be reproducible from the exact results for the string spectrum in appropriate semiclassical string limits.
Rigid string ansatz: reduction to 1-d Neumann system
The above examples of solutions in AdS 5 ×S 5 are special cases of a rigid string ansatz for which the shape of the string does not change with time τ or the AdS time t. Making such an ansatz and substituting it into the equations (2.12),(2.13) one finds that they can be obtained from a 1-d integrable action describing an oscillator on a sphere -the Neumann model [42, 35, 16] . Along with the integrability of the equations describing geodesics in AdS 5 ×S 5 this reduction of the AdS 5 ×S 5 string sigma model to an integrable 1-d system is a simple illustration of the integrability of this 2-d theory.
The general solution of the resulting equations can then be written in terms of hyperelliptic (genus 2 surface) functions, with the rational solutions discussed above and the elliptic solutions described below in the next section being the important special cases. The general rigid string ansatz may be written as (see (2.4))
Here ω 1,2 and w i are rotation frequencies and z r and z i (which are, in general, complex) satisfy z r = r r e iβr , η rs r r r s = −1 , 
The trajectory of this effective "particle" belonging to a product of a 2-hyperboloid (r r ) and 2-sphere (r i ) gives the profile of the string. The angular parts of z r and z i can be easily separated leading to an effective Lagrangian for a particle on a constant curvature surface with an "r 2 + r −2 " potential or to a special case of a 1-d integrable Neumann system -the Neumann-Rosochatius system [35] . The corresponding 2+2 integrals of motion can be explicitly written down [42, 35] . The resulting solutions represent, in particular, folded or circular bended wound rotating rigid strings.
For example, such closed string solutions in AdS 5 will be parametrised by the frequencies ω 0 = κ, ω i = (ω 1 , ω 2 ) as well by two integrals of motion b k . (ω i , b k ) may be viewed as independent coordinates on the moduli space of these solitons. The closed string periodicity condition implies that the solutions will be classified by two integer "winding numbers" n i related to ω r and b i . In general, the energy E will be a function not only of S 1 , S 2 but also of n i . Depending on the values of these parameters the string's shape may be of the two types: (i) "folded", i.e. having a shape of an interval, or (ii) "circular", i.e. having a shape of a circle. A folded string may be straight as in the one-spin case [14] or bent [42, 43] . A "circular" string may be a round circle as in [16] or may have a more general "bent circle" shape. Some of such solutions will be discussed explicitly below.
4 Spinning rigid strings in AdS 5 × S
: elliptic solutions
In this section we shall consider an important example of a non-trivial rigid string solution describing a folded spinning string in AdS 3 part of AdS 5 [44, 14] . We shall then discuss some of its generalizations and similar solutions described in terms of elliptic functions.
Folded spinning string in AdS 3
Let us consider a rigid string moving in AdS 3 part ds
This ansatz satisfies the equations for t and φ while for ρ we get 1-d sinh-Gordon equation
(κ 2 − ω 2 ) sinh(2ρ). Its first integral satisfying the Virasoro condition (2.14) leads to the following solution
Here we assumed that ρ(0) = 0; cn is the standard elliptic function and
is the complete elliptic integral of the first kind. This solution describes a folded closed string rotating around its center of mass and generalizes the flatspace solution (3.2) (for σ → 0 we get sinh ρ → a sin σ, a = K. The classical energy E = √ λ E and the spin S = √ λ S are expressed in terms of the complete elliptic integrals K = K(k 2 ) and
Solving for k gives the relation E = E(S). The expression for E(S) can be easily found in the two limiting cases: (i) large spin or long string limit: ρ 0 → ∞, i.e. k → 1, and (ii) small spin or short string limit: ρ 0 → 0, i.e. k → 0. In the first limit the string's ends are close to the boundary of AdS 5 and one obtains [14, 15, 45 ]
The coefficient of the ln S term [14] is governed by the strong-coupling limit of the socalled "scaling function" (cusp anomaly) and the subleading terms can be shown to obey non-trivial reciprocity relations [46, 45] (see [47] ). The leading S term in (4.5) [44] may be interpreted as being due to the fold points of the string moving (in the strict S = ∞ limit) along null lines at the boundary while the ln S term [14] is due to the stretching of the string (this term is string length times its tension). Indeed, in the large spin limit or κ, ω 1 the solution (4.3) with σ ∈ (0, π 2 ) simplifies to [15, 48] 
This very simple form of the asymptotic large spin solution allows one to compute quantum 1-loop [15] and 2-loop [11] corrections to the energy (see [12, 31] ). Let us mention also that the asymptotic solution (4.6) with κ → ∞ describing infinite string with folds reaching the AdS boundary and capturing the coefficient of the ln S term in E−S (4.5) is closely related to the "null cusp" open string solution [50] describing an open string (euclidean) world surface ending on the two orthogonal null lines at the boundary of AdS 5 in Poincare coordinates, z = √ 2x + x − , x ± = x 0 ± x 1 (see (2.8)). In the conformal gauge
This solution written in the embedding coordinates (2.7) is then equivalent to (4.6) after a euclidean continuation (τ → iτ ) and an SO(2, 4) coordinate transformation [51] . This explains (from strong-coupling or semiclassical string perspective) why the coefficient of the ln S term in (4.5) can be interpreted as a cusp anomalous dimension (a dimension of a Wilson loop defined by null cusp, see also [47, 22] ). In the small spin or "short string" limit, when the string is rotating in the central (ρ = 0) region of AdS 3 we get the same flat-space (3.3) Regge type asymptotics [14, 15, 49] as in the circular string cases in (3.16),(3.19)
Some generalizations and similar solutions
The above AdS 3 solution is special having minimal energy for given spin. It has several generalizations. One may consider a similar solution of circular shape with several spikes † † This is readily seen directly from (4.2) in the limit when κ → ω.
[52] that is the analog of the spiky string in flat space (3.4) . ‡ ‡ For the spiky string in AdS the large spin limit of the energy is (cf. (4.5))
where n is the number of spikes (n = 2 is the folded string case). The large-spin asymptotic solution consists of n segments each of which is conformally equivalent to the limit (4.6) of the folded string [53] .
One may also find similar rigid string solutions with ln S scaling of E − S at large spin with two non-zero spins S 1 , S 2 , i.e. moving in the whole AdS 5 [16, 42, 54, 55, 43] subject to the rigid string ansatz (3.24), i.e. t = κτ, ρ = ρ(σ), θ = θ(σ), φ 1 = ω 1 τ, φ 2 = ω 2 τ . The simplest circular solution of that type is a round string [16] with
, ω 1 = ω 2 and thus with S 1 = S 2 already discussed above in (3.15)-(3.17). It does not, however, represent a state with a minimal energy for given values of the spins. To get a stable lower-energy solution with S 1 = S 2 one is to relax the ρ = const condition, allowing the string to develop, in the large spin limit, long arcs stretching to infinity (i.e. to the boundary of AdS 5 ) and carrying most of the energy. Then for a particular S 1 = S 2 = S string of circular shape with with 3 cusps described by an elliptic function limit of a general hyperelliptic solution of the Neumann model (3.28) one finds for its energy [54, 43] :
.. Similar open-string solutions were discussed in [56] .
Another important generalization of the folded spinning string in AdS 3 is found by adding an angular momentum J in S 5 , i.e. by assuming in addition to (4.1) that the string orbits a big circle in S 5 , ϕ = ντ [15] . The AdS 5 and S 5 parameters are coupled via the Virasoro constraint (4.2) which is modified to 
S, then
). For strings with J 1 and J S =fixed we get a regular "faststring" expansion as in (3.14),(3.23), E = J + S + λS 2J 2 + .... In the limit when S is large the string can become very long and its ends approach the boundary of AdS 5 . The analog of the asymptotic solution (4.6) is
The spin S and µ are related by µ ≈ 1 π ln S + ... so in the limit when κ, ω, µ, ν are large with their ratios fixed, i.e. S 1 with ≡ πJ ln S =fixed we get [57, 48, 58 ]
where f 0 ( ) = √ 1 + 2 . Again, the fast-string expansion in the limit when ln S J (i.e. 1) gives a regular series in λ [15] , E = S + J + λ 2π 2 J ln 2 S J + ..... This solution has also a generalization to the case of winding along S 1 in S 5 [59, 61] . There is also an analog of the folded spinning string in S 5 [14] , where the string is spinning on S 2 with its center at rest. The corresponding ansatz is X 1 + iX 2 = sin ψ(s) e iwτ , X 3 = cos ψ(s) where ψ solves the 1-d sine-Gordon equation. The short string (small spin) limit here gives again the flat-space Regge behaviour,
). There is a (J 1 , J 2 ) generalization of this solution discussed in [39, 60] . The AdS spiky string of [52] also admits a generalization to the case of non-zero J or/and winding in S 1 of S 5 [62] ; in this case the spikes are rounded up. Among other elliptic solutions let us mention also pulsating strings in AdS 5 × S 5 that generalize the flat space solution (3.8) [14, 63, 64, 40] ; here the role of the spin is played by the adiabatic invariant -the oscillation number N = √ λ 2π dθp θ . It is interesting to compare the large/small spin expansions of the classical string energy in the equations (3.14),(3.16), (3.17) , (3.19) ,(3.23) and (4.5), (4.8) with what one finds for pulsating string solutions in AdS 3 [63, 40] 13) and R × S 2 [63, 64] 
14)
Spiky strings and giant magnons in S 5
An important class of rigid strings that are described by a slight generalization of the ansatz in (3.24) are strings with spikes [52, 65] and (bound states of) giant magnons [66] [67] [68] with several non-zero angular momenta. Both the spiky strings in S 5 and the giant magnons can be described [69] by a generalization of the rigid string ansatz (3.24) of [42, 35] . It is possible to show that the giant magnon solutions are a particular limit of the spiky string solutions and that a giant magnon with two angular momenta can be interpreted as a superposition of two magnons moving with the same speed. Consider strings moving in R t ×S 5 part of AdS 5 ×S 5 and described by the following generalization of the rigid string ansatz in (3.24) [69] 
where z i = r i e iα i , z i (ξ + 2π) = z i (ξ). Here b is a new parameter. The 1-d mechanical system for the functions z i that follows from (2.13) is an integrable model: a generalization of the Neumann-Rosochatius one where a particle on a sphere is coupled also to a constant magnetic field. This ansatz describes the S 5 analog of the AdS 5 spiky string of [52] with extra angular momenta [69] . The spiky string is built out of several arcs; in the limit when J 1 → ∞ with E − J 1 =finite the single arc is the giant magnon of [66] with an extra momentum J 2 [68] (see also [70, 71] ). In this limit κ → ∞ and it is natural to rescale ξ so that it takes values on an infinite line (a single arc is an open rather than a closed string). Then 17) where p is related to the length of the arc and may be interpreted as a momentum of the giant magnon [66] . The giant magnon may be viewed as a strong-coupling "image" of the elementary spin-chain magnon on the gauge-theory side.
One may also find a generalization of the giant magnon with two finite angular momenta J 2 , J 3 [69] . A single-spin folded string in S 2 [14] in the limit when the folds approach the equator can be interpreted [66] as a superposition of two magnons with p = π and J 2 = 0. A generalization to the case of J 2 , J 3 = 0 is E −J 1 = J or the leading term in the folded spinning string energy in the limit J 1 → ∞. Spiky strings with several spins were discussed also in [72] [73] [74] .
Let us mention also some related rigid string elliptic solutions. A "helical" string solution interpolating between the folded or circular spinning string and the giant magnon with spin was constructed in [75] . Refs. [76, 77] found an "inverted" single-spike string wrapping the equator of S 2 in S 5 (see also [78] ). Ref. [79] (see also [80] for a review) discussed a general family of "helical" string solutions in R t × S 3 (which are most general elliptic solutions on R t ×S 3 ) interpolating between pulsating and single-spike strings which was obtained from the helical string of [75] by interchanging τ and σ in S 3 coordinates (this maps a string with large spin into a pulsating string with large winding number).
Other approaches to constructing solutions
The integrability of the sigma model equations (2.12),(2.13) implies that one is able to construct large relevant class of solutions -"finite gap" solutions in terms of thetafunctions [81] . Also one can construct new non-trivial solutions from given ones using "dressing" [82] or Bäcklund transformations [83] . Using the dressing method one may generate non-trivial solutions from simple ones, e.g., non-rigid or non-stationary (scattering) solutions from rigid string ones. Examples are scattering and bound states of giant magnons with several spins and arbitrary momenta [72, 84] or the single-spike solution of [76] from a static wrapped string and solutions with multiple spikes describing their scattering [77] . Similar methods can be applied also in the open-string (Wilson loop) setting [21] to find generalizations of the null cusp solution (4.7) [85] .
An alternative approach to constructing explicit AdS 5 × S 5 string solutions of (2.12)-(2.14) is based on the Pohlmeyer reduction [25, 32, 33, 18, 66, 68, 75, [86] [87] [88] [89] . The basic idea is to solve the Virasoro conditions (2.14) explicitly by introducing, instead of the string coordinates (Y P , X M ), a new set of "current"-type variables. Then (2.12)-(2.14) become equivalent to a generalized sine-Gordon (non-abelian Toda) 2-d integrable system. Given a solitonic solution of this system one can then reconstruct the corresponding string solution by solving linear equations for (Y P , X M ) withΛ and Λ in (2.12),(2.13) being given functions of (τ, σ). For example, in the case of a string on R t × S 2 one may set t = κτ and then the three 3-vectors X i , ∂ + X i , ∂ − X i (i = 1, 2, 3) will have only one nontrivial scalar product ∂ + X i ∂ − X i ≡ κ 2 cos 2α = −Λ. The remaining dynamical equation takes the SG form: ∂ + ∂ − α + κ 2 2 sin 2α = 0. The Pohlmeyer-reduced model for a string on R t ×S 3 is the complex SG model, while strings moving in AdS 5 are related to generalized sinh-Gordon-type models. The giant magnon corresponds to the SG soliton [66] while its J 2 = 0 generalization -to charged soliton of the complex SG model [68] . Various examples of solutions (multi giant magnons, spikes, etc.) obtained using this method can be found in [75, [88] [89] [90] . The approach based on the Pohlmeyer reduction was recently applied also to constructing open-string surfaces ending on null segments which generalize the null cusp solution [91, 92] .
